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1 Chekanov-Eliashberg algebra
1.1 Definition
Throughout this note we shall work with a fixed coefficient field K. Let Λ ⊂ R3 be a
Legendrian link, then we have two natural projections: the front projection πxz and the
Lagrangian projection πxy. The Chekanov-Eliashberg dg algebra CE(Λ) can be most
conveniently defined using the Lagrangian projection πxz(Λ).

For the version of the Chekanov-Eliashberg algebra considered here, we need to choose
base points ∗1, · · ·, ∗M on Λ such that each component Λi ⊂ Λ contains at least one base
point. As a vector space, CE(Λ) is generated by Reeb chords of Λ, which, under the
Lagrangian projection πxy, are transverse double points a1, · · ·, ar of πxy(Λ), together
with ti and t−1

i for every i, namely

CE(Λ) = K〈a1, · · ·, ar, t1, t−1
1 , · · ·, tM , t−1

M 〉 (1)

subject to the relations
tit
−1
i = t−1

i ti = 1. (2)

Note that as an algebra, our version of CE(Λ) is not free, but a free model can be easily
constructed for CE(Λ), since a free model for K[t, t−1] is given by

K〈k, s, t, l, u〉 (3)

with
|s| = |t| = 0, |k| = |l| = −1, |u| = −2 (4)

and
dk = 1− st, dl = 1− ts, du = ks− sl. (5)

To equip CE(Λ) with a grading, one needs to choose a Maslov potential

µ : Λ→ Z/2r, (6)

where r is the g.c.d. of the rotation numbers r(Λi) of the components of Λ. More precisely,
a generic loop γ ⊂ Λi crosses cusp edges transversally, and

r(Λi) = inf
γ

(D(γ)− U(γ)), (7)

where D(γ) is the number of points that γ crosses from the upper strand to lower strand,
and U(γ) is the number of points that γ crosses from the lower strand to the upper strand.
In order for CE(Λ) to be Z-graded, r(Λi) should vanish for all i. In additional, for the
generators associated to base points, we require

|ti| = |t−1
i | = 0. (8)

In general, for a closed Legendrian submanifold Λ ⊂ V , where V is a closed contact
manifold, the differential d : CE(Λ)→ CE(Λ) should be defined by counting holomorphic
polygons in the symplectization R × V asymptotic to Reeb chords in V . In the special
case when V = J1(M) is the 1-jet space associated to the closed manifold M , this can

1



be reduced to the enumeration of Morse flow trees. For the simplest case V = R treated
here, CE(Λ) can be defined in a purely combinatorial way, by counting certain immersed
polygons in R2

xy.
To do this, we need to introduce Reeb signs and orientation signs associated to a

crossing a, which are pictured as follows.

+ +

−

−

+1 (−1)|a|+1

+1

(−1)|a|+1

Figure 1: Reeb signs (left) and orientation signs (right) at a crossing a

Let D be a disk with one positive boundary puncture p and l ≥ 0 negative boundary
punctures q1, · · ·, ql, the disks

u : (D, ∂D)→ (R2
xy, πxy(Λ)) (9)

that shall be included in the definition of d satisfy

• u extends continuously to the closed disk D2;

• a neighborhood of p is mapped to a neighborhood of a crossing a with positive Reeb
sign, while a neighborhood of qi is mapped to a neighborhood of a crossing bi with
negative Reeb sign.

The moduli space of such immersed polygons will be denoted by ∆(a; b1, ···, bl). Travelling
around the closure of the image of ∂D, one encounters a sequence of corners or base points,
which we denote by s1, · · ·, sm. Define

w(u) = δ · w(s1) · · · w(sm), (10)

where

• w(si) = bj if si is a crossing bj in the Lagrangian projection;

• w(si) = tj or t−1
j if si is a base point tj depending on whether the boundary

orientation of u(∂D) coincides with that of Λ near the base point;

• δ = ±1 is the product of orientation signs at the corners.

On the generators of CE(Λ), the differential d is defined by

da =
∑

u∈∆(a;b1,···,bl)

w(u) (11)

for a Reeb chord a, and
dti = dt−1

i = 0. (12)

The differential is then extended to the whole algebra by graded Leibniz rule.

In the special case when every component Λi ⊂ Λ carries exactly one base point ∗i,
the Chekanov-Eliashberg algebra CE(Λ) defined here is an example of the Chekanov-
Eliashberg algebra with loop space coefficients considered by Ekholm-Lekili, where every
component Λi is considered to be positive. In symplectic topology, this version of the
Chekanov-Eliashberg algebra corresponds to the wrapped Fukaya category W(XΛ) of the
4-dimensional Liouville sector XΛ obtained by attaching cotangent cones T ∗(Λi×R+) to
the standard ball B4.
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2 Link grading
There is an additional structure on the Chekanov-Eliashberg algebra CE(Λ) associated
to a Legendrian link

Λ = Λ1 t · · · t Λm, (13)
where each Λi is a Legendrian link with fewer components.

Definition 2.1. Write Rij for the collection of Reeb chords that end on Λi and start on
Λj, so that R =

⊔m
i,j=1R

ij. The Reeb chords in Rii are called pure, other Reeb chords
are called mixed.

In addition, write T ii for the set of generators tj , t−1
j which come from base points on

the component Λi, and T ij = ∅ if i 6= j. This induces a decomposition of the generating
set into subset Sij = Rij t T ij .

Definition 2.2. We say that a word s`1 · · ·s`k
formed from generators in S is composable

from i to j if there is some sequence of indices i0, · · ·, ik with i0 = i and ik = j, such that
s`p
∈ Sip−1ip for p = 1, · · ·, k.

Observe that da of a Reeb chord a ∈ Rij is a Z-linear combination of composable
words from i to j.

The concept of a link grading can be generalized to abstract semi-free dg algebras
whose generating set contains a subset T consisting of elements {t±i }.

Definition 2.3. Let A be a semi-free dg algebra with generating set S = R t T . An
m-component weak link grading on A is a choice of a pair of maps

r, c : S → {1, · · ·,m} (14)

satisfying the following conditions

• for a ∈ R with r(a) 6= c(a), each term in da is an integer multiple of a composable
word;

• for any a ∈ R with r(a) = c(a), each term in da is either composable or constant
(an integer mutiple of 1);

• for any i, r(ti) = c(t−1
i ) and c(ti) = r(t−1

i ).

The maps r, c form an m-component link grading if

r(ti) = c(ti) = r(t−1
i ) = c(t−1

i ) (15)

for all i.

3 Coderivation
Let A be an A∞-algebra with A∞-operations mn : A⊗n → A. The A∞-relations can be
nicely expressed in terms of the bar construction. Let

T (A[1]) :=
⊕
k≥1

A[1]⊗k (16)

be the reduced tensor coalgebra. Let

b : T (A[1])→ T (A[1]) (17)

be a coderivation, which is a coalgebra morphism of degree 1 satisfying the co-Leibniz
rule. Note that b is determined by its graded components bk : A[1]⊗k → A[1].

Let s : A → A[1] be the map which shifts the degree down by 1. Let mk : A⊗k → A

and bk : A[1]⊗k → A[1] be multi-linear maps related by

s ◦mk = bk ◦ s⊗k. (18)
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Then the requirement that {mk} satisfy the A∞-relations is equivalent to the fact that b
is a coderivation with b2 = 0. Because of this, we can express the A∞-operations mk in
terms of the coderivations bk.

For ai ∈ A, the Koszul sign rule yields
s⊗k(a1, · · ·, ak) = (−1)|ak−1|+|ak−3|+|ak−5|+···s(a1)⊗ · · ·s(ak), (19)

from which we get
mk(a1, · · ·, ak) = (−1)|ak−1|+|ak−3|+|ak−5|+···s−1bk(s(a1)⊗ · · ·s(ak)). (20)

Let A be a semi-free dg algebra with generating set S = R t T , and let ε : A→ K be
an augmentation, define the K-algebra

Aε := A/(ti − ε(ti)). (21)
Since dti = 0, the differential d descends to Aε. Note that when A is the version of
Chekanov-Eliashberg algebra CE(Λ) defined above, then CE(Λ)ε recovers the usual ver-
sion of the Chekanov-Eliashberg algebra. The only usage of this version of Chekanov-
Eliashberg algebra here is to define the linearized Legendrian contact homology. Write C
for the vector space with basis R, we have

Aε =
⊕
k≥0

C⊗k. (22)

Define Aε+ ⊂ Aε to the positively graded part.
Consider the automorphism φε : Aε → Aε defined by

φε(a) = a+ ε(a) (23)
for a ∈ R. Conjugating by this automorphism gives a new differential

dε := φε ◦ d ◦ φ−1
ε : Aε → Aε. (24)

Proposition 3.1. dε preserves Aε+. In particular, it descends to a differential on C ∼=
Aε+/(Aε+)2.

We remark that one of the advantages of the linearization of Aε is that it’s always a
finite-dimensional complex.

Let C∗ = HomK(C,K) be the dual vector space, with generating set {a∗i } dual to
R = {ai}. The pairing between C and C∗ extends to one between T (C) and T (C∗). More
precisely,

〈a∗ik · · · a
∗
i2a
∗
i1 , ai1ai2 · · · aik〉 = (−1)

∑
p<q
|aip ||aiq | (25)

and all other pairings are 0. On T (C∗) we define d∗ε to be the co-differential dual to dε:
〈d∗εx, y〉 = 〈x, dεy〉. (26)

Denote by C∨ = C∗[−1], then T (C∗) = T (C∨[1]), and the co-differential d∗ε then deter-
mines an A∞-structure on C∨. We write the corresponding A∞-operations as

mk(ε) : (C∨)⊗k → C∨ (27)
Concretely, mk(ε) is given as follows. For a ∈ R, the corresponding generator a∨ of C∨
is defined to be a∨ = s−1(a∗), then we have

mk(ε)(a∨i1 , · · ·, a
∨
ik

) = (−1)
∑

p<q
|aip ||aiq |+|aik−1 |+|aik−3 |+···s−1d∗ε(aik · · · ai1)∗. (28)

Using the expression
〈d∗ε(aik · · · ai1)∗, a〉 = 〈(aik · · · ai1)∗, dεa〉 = Coeffaik

···ai1
(dεa), (29)

we can write
mk(ε)(a∨i1 , · · ·, a

∨
ik

) = (−1)σ
∑
a∈R

a∨ · Coeffaik
···ai1

(dεa), (30)

where

σ = k(k − 1)/2 +
(∑
p<q

|a∨ip ||a
∨
iq |

)
+ |a∨i2 |+ |a

∨
i4 |+ · · ·. (31)
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4 Augmentation category
According to our dictionary, the augmentation category Aug+(Λ) should be interpreted
as the infinitesimal Fukaya category F(XΛ), by Ekholm-Lekili one could recover F(XΛ)
from the Chekanov-Eliashberg algebra CE(Λ) by applying bar construction and taking
the linear dual, namely there is a quasi-isomorphism

F(XΛ) ∼= (BCE(Λ))#. (32)

This should be regarded as the guiding principle of the constructions below.

4.1 Algebra
Write ∆+ for te category whose objects are the sets

[m] := {1, · · ·,m} (33)

and whose morphisms are order-preserving inclusions. Supposem < n, the map associated
to a subset with m elements I ⊂ [n] will be denoted by hI . We call a covariant functor
∆+ → C a co-∆+ object of C. For a co-∆+ object X, write

X[m] := X({1, · · ·,m}). (34)

The structure map X[m]→ X[n] is still denoted by hI .

Definition 4.1. A sequence
{
A(i)} of semi-free dg algebras with generating sets {Si} is

consistent if if it comes equipped with the following additional structure:

• the structure of a co-∆+ set S with S[m] = Sm;

• link gradings Sm → [m]× [m],

which moreover satisfy

• the link grading gives a morphism of co-∆+ sets S → ∆2
+;

• for any m-element subset I ⊂ [n], the map hI : Sm → Sn induces a quasi-
isomorphism of dg algebras

hI : A(m) → A
(n)
I . (35)

The identification maps hI enable us to equip the augmentation category with an
A∞-structure, as is shown in the following lemma.

Lemma 4.1. Let
{
A(i)} be a consistent sequence of dg algebras. Then

• the map hi : A(1) → A
(m)
i is a quasi-isomorphism, and

A
(m)
1 ? · · · ?A(m)

m = A(1) ? · · · ?A(1). (36)

In particular, an m-tuple of augmentations of A(1) induces an augmentation of A(m)

which respects the link grading.

• the map hij : S2 → Sm induces a bijection hij : S12
2 → Sijm and hence an isomor-

phism hij : C∨12 → C∨ij.

• let (ε1, · · ·, εm) be a tuple of augmentations of A(1) and let ε be the corresponding
diagonal augmentation of A(m). Let 1 ≤ i1 < · · · < ik ≤ m be any increasing
sequence. Then the composite morphism

C∨12⊗···⊗C∨12
hikik+1⊗···⊗hi1i2−−−−−−−−−−−−→ C∨ikik+1

⊗···⊗C∨i1i2
mk(ε)−−−−→ C∨i1ik+1

h−1
i1ik+1−−−−−→ C∨12 (37)

depends only on the tuple (ε1, · · ·, εm).

This enables us to associate an A∞-category to a consistent sequence of dg algebras.
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Definition 4.2. Given a consistent sequence of dg algebras {A(m)}, we define the aug-
mentation category Aug+(A(m)) as follows:

• the objects are augmentations ε : A(1) → K,

• the morphisms are
Hom+(ε1, ε2) := C∨12 ⊂ A(2). (38)

• for k ≥ 1, the composition map

mk : Hom+(εk, εk+1)⊗ · · · ⊗Hom+(ε1, ε2)→ Hom+(ε1, εk+1) (39)

is defined to be the map (37).

4.2 Geometry
We specialize to the case when the sequence of dg algebras {A(m)} is given by the
Chekanov-Eliashberg algebras {CE(Λm)} of m parallel copies of the Legendrian link
Λ ⊂ R3.

Definition 4.3. Let Λ ⊂ J1(M) be a Legendrian. For m ≥ 1, the m copy of Λ, denoted
by Λm, is the disjoint union of m parallel copies of Λ, separated by small translations in
the Reeb direction. We label the m parallel copies Λ1, · · ·,Λm from top to bottom.

There are two perturbation schemes that can be used to make sense of CE(Λm).

• The first one views Λm as a Legendrian link and makes use of the usual Ng resolution.

• The second one makes use of a Morse function f : Λ → R, and do a splash con-
struction for any pair of critical points of f . More precisely, for a local minimum of
f , we add a left-handed half-twist, and for a local maximum of f , we add a right-
handed half-twist, see Figure 2, where the additional generators in CE(Λm) have
been labelled by xm,nk and ym,nk .

m

n

ym,n
k

xm,n
k

Figure 2: Splash construction

When the Legendrian front is in preferred position, these two perturbation schemes
will give quasi-isomorphic definitions of the augmentation category Aug+(Λ), we will
always asume this is the case. The usage of the splash construction is to show that the
A∞-category Aug+(Λ) is strictly unital.

Definition 4.4. For a Legendrian link Λ, its augmentation category Aug+(Λ) is defined
as follows.

Figure 3: The left half and the right half of the splash construction
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Figure 4: The Legendrian unknot Λ (left) and its 2-copy Λ2 (right), in the xy projection,
with base points and Reeb chords labeled.

• The objects are augmentations ε : CE(Λ)→ K.

• The morphisms are
Hom+(ε1, ε2) := C∨12, (40)

the K-vector space generated by Reeb chords that end on Λ1 and begin on Λ2 in the
2-copy Λ2.

• For k ≥ 1, the composition

mk : Hom+(εk, εk+1)⊗ · · · ⊗Hom+(ε1, ε2)→ Hom+(ε1, εk+1) (41)

is defined to be the map mk : C∨k,k+1 ⊗ · · · ⊗ C∨12 → C∨1,k+1 given by the diagonal
augmentation ε = (ε1, · · ·, εk+1) on CE(Λk+1).

Note that the existence of the identification maps hI in the definition of mk(ε) is due
to the fact that we are using (k + 1) parallel copies of the original Λ, so certain Reeb
chords are naturally identified.

Proposition 4.1. Up to quasi-equivalence, the augmentation category Aug+(Λ) is in-
variant under Legendrian isotopies.

4.3 An example
We compute Aug+(Λ) in the case when Λ ⊂ R3 is the standard unknot with a single base
point, see the left-hand side of Figure 4. In this case, the Chekanov-Eliashberg algebra
CE(Λ) is generated by t± and a single Reeb chord a, with |t| = 0, |a| = 1, and

da = 1 + t−1. (42)

This dg algebra has a unique augmentation ε : CE(Λ)→ K with ε(a) = 0 and ε(t) = −1.
We shall use the second perturbation scheme, which is based on the choice of a

Morse function f : Λ → R. Here we choose f to have precisely one maximum and
one minimum, see the right-hand side of Figure 4. The Chekanov-Eliashberg alge-
bra CE(Λ2) for the 2-copy is generated by 6 Reeb chords a11, a12, a21, a22, x12, y12 with
|aij | = 1, |x12| = 0, |y12| = −1, together with (t1)±, (t2)± corresponding to base points,
and their differentials can be computed as

da11 = 1 + (t1)−1 + y12a21, (43)

da12 = −x12(t2)−1 + y12a22 + a11y12, (44)

da21 = 0, (45)

da22 = 1 + (t2)−1 + a21y12, (46)

dx12 = (t1)−1y12t2 − y12, (47)

dy12 = 0. (48)

By definition, we have

Hom0
+(ε, ε) = K〈y+〉,Hom1

+(ε, ε) = K〈x+〉,Hom2
+(ε, ε) = K〈a+〉, (49)
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and all other Hom∗+(ε, ε) = 0. Note that the cohomology H∗Hom+(ε, ε) is given by the
linearized contact homology. The linear part dlin

(ε,ε) of the differential d(ε,ε) on

C12 = K〈a12, x12, y12〉 (50)

is given by
dlin

(ε,ε)(a12) = x12, dlin
(ε,ε)(x12) = dlin

(ε,ε)(y12) = 0. (51)

Dualizing gives m1 on Hom+(ε, ε):

m1(x+) = a+ (52)

and m1 = 0 otherwise. In particular, we have

H0Hom+(ε, ε) ∼= K〈y+〉, (53)

and H∗Hom+(ε, ε) = 0 in all other degrees. Note that this gives the Floer cohomology
HF∗+ε(L,L) of a Lagrangian disc L ⊂ R4 which fills the unknot Λ ⊂ S3.

To calculate m2 on Aug+(Λ), we need to calculate CE(Λ3). With some effort, the
relevant differentials of generators can be read off from the picture of πxy(Λ3), with dips
added, namely

da13 = −x13(t3)−1 + x12x23(t3)−1 + y12a23 + y13a33 + a11y13 + a12y23, (54)

dx13 = (t1)−1y13t3 + (t1)−1y12t2x23 − y13 − x12y23, (55)

dy13 = y12y23. (56)

Augmenting each copy by ε sends each ti to -1, which gives

m2(x+, x+) = a+, (57)

m2(y+, a+) = m2(a+, y+) = −a+, (58)

m2(y+, x+) = m2(x+, y+) = −x+, (59)

m2(y+, y+) = −y+. (60)

5 Constructible sheaves
5.1 Legible objects
Let M be a smooth manifold, possibly non-compact, Λ ⊂ S∗M a closed Legendrian
submanifold in the cosphere bundle. Denote by Sh(M,Λ) the dg category of constructible
sheaves on M with coefficients in K, whose singular supports

SS(F ) ∩ S∗M ⊂ Λ, (61)

and by Shc(M,Λ) ⊂ Sh(M,Λ) the full dg subcategory which requires in addition that
any object F of Shc(M,Λ) is compactly supported in M . Given a Whitney stratification
S of M , one can define the full subcategory ShS(M) ⊂ Sh(M) which consists of sheaves
constructible with respect to S. Let

VS :=
⋃
s∈S

T ∗sM (62)

be the characteristic variety of S. It defines a Legendrian subset ΛS = VS ∩ S∗M , from
which the dg subcategory Sh(M,ΛS) ⊂ Sh(M) can be defined.

Definition 5.1. Given a stratification S, the star ♦(s) of a stratum s ∈ S is the union
of strata that contain s in its closure. S can be viewed as a poset category in which every
stratum s has a unique map, which is called generization, to every stratum in ♦(s). We
say that S is a regular cell complex if every stratum is contractible and the star of each
stratum is contractible.
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Figure 5: Legible objects in various neighborhoods of a front diagram

Let C be any category, and let A be an abelian category. Write Funpr(C,A) for the
dg category of functors from C to the category whose objects are cochain complexes in A,
and whose maps are cochain maps. Write Fun(C,A) for the dg quotient of Funpr(C,A)
by the thick subcategory of functors taking values in acyclic complexes.

Proposition 5.1. Let S be a Whitney stratification of M . Consider the functor

ΓS : ShS(M)→ Fun(S,Kmod) (63)

defined by
F 7→ [s 7→ Γ(♦(s); F )], (64)

where by Kmod we mean the category of K-modules.
If S is a regular cell complex, then ΓS is a quasi-equivalence.

Let M be a closed Riemannian manifold, and x ∈M . Denote by Br a ball of radius r
centered at x. Let f : Br → R be a function with f(x) = 0 and df(x) = ξx. For an object
F of Sh(M). If ξx /∈ SS(F ), namely the covector ξx is non-singular, then for all r and ε
small enough we have

Γ(f−1(−∞, ε) ∩Br; F )→ Γ(f−1(−∞,−ε) ∩Br; F ) (65)

is a quasi-isomorphism, which is independent of r and ε small enough.
Let Λ ⊂ R3 be a Legendrian knot, where R3 is the standard contact space with the

coordinate in the Reeb direction given by z. In our set up, R3 is realized as an open
subset of the cosphere bundle S∗R2

x,z. Denote by pz the fiber coordinate of T ∗R2
xz in the

z direction, then every covector with pz > 0 is non-singular, which means that every local
restriction map which is downward is required to be a quasi-isomorphism. Then

Sh(R2,Λ) ⊂ ShS(R2) = Sh(R2,ΛS), (66)

where S is a stratification of R2 in which the 0-dimensional strata are cusps and crossings,
the 1-dimensional strata are the arcs, and the 2-dimensional strata are the regions. See
Figure 5.

If S is a regular cell complex, one can in fact prove that every object in Shc(R2,Λ) is
equivalent to one in which the downward maps are identities. Such an object of Shc(R2,Λ)
is called legible. For legible objects, one only needs to keep track of the upward generization
maps, as is shown in Figure 5.

5.2 Microlocal monodromy
Given an object F of Sh(R2,Λ). Since Sh(R2,Λ) is a full subcategory of Sh(R2,ΛS), by
Proposition 5.1, ΓS(F ) defines a functor from the poset category S to the category of
chain complexes of K-vector spaces, i.e.

ΓS(F ) : S→ Ch. (67)

Let a ∈ S be an arc on a strand, and let r ∈ S be a region above a, so in particular r = ♦(r)
is an open subset of ♦(s). The morphism a ↪→ r in S induces an upward generization map

ρ = ΓS(F )(a ↪→ r) : Γ(♦(a); F )→ Γ(r; F ) (68)

9



If we replace F by a legible object, then ρ can be equivalently understood as a map from
the region s below a to the region r above, i.e.

ρ : Γ(s; F )→ Γ(r; F ). (69)

These maps are drawn in Figure 5.
Suppose Λ ⊂ R3 is a Legendrian knot with vanishing Maslov class. Let ∆ be the

unique lift of S|πxz(Λ), i.e. the induced stratification of the knot Λ itself. Note that
there is one arc in ∆ for each arc of S, but two points for each crossing. The microlocal
monodromy of F , denoted by µmon(F ), is a functor

µmon(F ) : ∆→ Ch (70)

defined by
µmon(F )(a) = Cone(ρ)[−µ(a)]. (71)

on the 1-dimensional strata. As a result, µmon defines a functor from compactly supported
constructible sheaves to local systems on Λ, i.e.

µmon : Shc(R2,Λ)→ Loc(Λ) (72)

Definition 5.2. Define C1(Λ, µ) ⊂ Shc(R2,Λ) to be the full subcategory consisting of
objects F such that µmon(F ) is a local system of rank 1 in cohomological dgeree 0.

6 Augmentations are sheaves
6.1 Bordered Chekanov-Eliashberg algebra
Let U ⊂ R be an open interval, and T ⊂ J1(U) be a Legendrian tangle transverse
to ∂J1(U) coming from a preferred plat, so in particular it’s equipped with a Moaslov
potential µ : T → Z. Suppose T is equipped with k ≥ 0 base points ∗α1 , · · ·, ∗αj , then the
following version of Sivek’s bordered Chekanov-Eliashberg algebra can be defined.

Definition 6.1. The graded algebra CE(T ) is freely generated over K be the following
elements:

• Pairs of left endpoints aij for 1 ≤ i < j ≤ nL.

• Crossings and right cusps of T .

• A pair of elements t±αj
for each j, with tαj · t−1

αj
= t−1

αj
· tαj = 1.

The gradings of the generators aij are defined to be µ(i)−µ(j)−1, and the differential
is specified as follows:

d(t±αj
) = 0, (73)

daij =
∑
i<k<j

(−1)|aik|+1aikakj , (74)

and the differentials of Reeb chords are defined in the same way as above except that we
allow the corners of negative Reeb signs to be replaced by segments [i, j] with i < j at
the left endpoint of U . Note that this amounts to add the right half of a splash at the
left end of U , and then define the differential d of the Reeb chords in the usual way as
specified before.

We have d2 = 0 as usual, whose proof can be achieved by closing up the Legendrian
tangle T in the Legendrian link Λ. See Figure 6 for an illustration.

The fact that CE(T ) is compatible with co-restriction, together with the pushout
square

CE(T |V ) ιVR //

ιVL

��

CE(T |R)

ιRU

��

CE(T |L) ιLU // CE(T )

(75)

established by Sivek, where T = L ∪V R and the maps ι•• are co-restrction maps, we see
that the bordered Chekanov-Eliashberg dg algebras can be patched together to a co-sheaf.
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Figure 6: Embedding the bordered front T in a simple front diagram of a closed link.

Theorem 6.1. Let Λ ⊂ R3 be in preferred position, then there is a constructible co-sheaf
of dg algebras CE(Λ) over R with global sections CE(Λ).

Corollary 6.1. Augmentations form a sheaf A ug+(Λ)pr of sets over Rx.

6.2 Augmentations are sheaves
Theorem 6.2. Fix a Maslov potential µ. There is an equivalence of A∞-categories

Aug+(Λ, µ) ∼= C1(Λ, µ). (76)

The proof is based on the calculations of augmentation categories for all the pos-
sible local models of a front diagram, namely n-parallel strands ≡n, a single cross-
ing ×k, a single left cusp ≺ and a single right cusp �. The augmentation categories
Aug+(≡n, µ), Aug+(×k, µ), Aug+(≺, µ) and Aug+(�, µ) are defined by applying the con-
struction above to the corresponding bordered Chekanov-Eliashberg algebras CE(≡n, µ),
CE(×k, µ), CE(≺, µ) and CE(�, µ), and can be identified locally with the Morse complex
categories MC(≡n, µ), MC(×k, µ), MC(≺, µ) and MC(�, µ), which are defined explicitly
in a combinatorial way. Since it can be shown that the Morse complex categories patch
together to give a sheaf of dg categories MC(Λ, µ) over R, we known that the same is
true for augmentation categories. Notice that this modifies Corollary 6.1. In this way,
the augmentation category Aug+(Λ, µ) can be realized as a global section of the sheaf of
dg categories A ug+(Λ, µ), and the two sheaves MC(Λ, µ) and A ug+(Λ, µ) are naturally
identified. The same work can be done for the sheaf category C1(Λ, µ), to show that it
admits a combinatorial model specified by the corresponding Morse complex category. In
this way, we achieve an identification between the global sections Aug+(Λ, µ) and C1(Λ, µ),
which are themselves A∞-categories.
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